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ABSTRACT
We study three-dimensional microlensing where two lenses are located at different distances
along the line of sight. We formulate the lens equation in complex notations and recover sev-
eral previous results. There are in total either 4 or 6 images, with an equal number of images
with positive and negative parities. We find that the sum of signed magnifications for six image
configurations is unity. Furthermore, we show that the light curves can be qualitatively differ-
ent from those for binary lensing in a single plane. In particular, the magnifications between a
‘U’-shaped caustic crossing can be close to unity, rather than having a minimum magnification
of 3 as in the single plane binary lensing. There is only a small probability three-dimensional
microlensing events will be seen in microlensing toward the Galactic centre. It is more likely
they will be first seen in cosmological microlensing.
Key words: Gravitational lensing: micro - Gravitational lensing: strong - Galaxy: structure -
Galaxy: bulge - Galaxy: centre
1 INTRODUCTION
Most gravitational lensing studies assume the thin lens approxima-
tion where all the mass distribution is collapsed into a single plane.
Erdl & Schneider (1993) first provided a complete classification of
the critical curves and caustics for two point lenses at different dis-
tances. The critical curves, caustics and bounds on the number of
images ofN point lens in multiple planes have been further studied
using Morse theory (Levine, Petters & Wambsganss 1993; Petters
1995a,b, 1997; Petters & Wicklin 1995). The magnification prob-
ability distribution due to lenses in multiple planes has also been
explored by Pei (1993) and Lee et al. (1997).
For lensing by galaxies (rather than by point lenses such as
stars), Kochanek & Apostolakis (1988) first studied two-plane lens-
ing, and concluded that 10% of gravitational lenses may be due to
multiple-plane lensing. This is roughly consistent with the CLASS
survey statistics within which one lens out of ∼ 20 was found to
be due to two galaxies at different redshifts (Browne et al. 2003;
Chae, Mao & Augusto 2001). Werner, An & Evans (2008) stud-
ied the number of rings formed by lenses in two different planes,
concluding there are at maximum three rings in general. Models
have also been proposed for specific lenses, for example, Chae
et al. (2001) studied the case for B2114+022 (Augusto et al. 2001)
while Mihov (2001) presents a two-plane lens model for the system
Q2237+0305.
These previous studies concentrated on image numbers, criti-
cal curves and caustics except Pei (1993) and Lee et al. (1997). In
this work, we shall study the light curves due to three-dimensional
microlensing. We first recast the lens equations into complex form,
and found new derivations in terms of caustics and critical curves.
We then study the light curves in two point lens microlensing, find
some qualitatively different features in the light curve (see also Lee
et al. 1997) and provide some analytic insights into the behaviour.
The structure of the paper is as follows: in §2, we outline the
theory of three-dimensional microlensing, in §3 we show examples
of light curves, and in §4 we then discuss how such effects may be
observable in Galactic and cosmological microlensing.
2 THEORY
The basic formalism of three-dimensional microlensing for two-
point lenses are spelt out by Erdl & Schneider (1993). Following
their approach, we align the optical axis with the line from the ob-
server to the nearest point lens, that is, the first lens is at the origin
(0, 0). The first lens has mass M1 and is at distance D1; the sec-
ond, farther-away lens has mass M2 at distance D2 (D1 ≤ D2). In
complex notations, the lens equation can be written as
w = z − βm1
z¯
, zs = z − m1
z¯
− m2
w¯ − z¯2 , (1)
where again the first lens is set at the origin, z2 is the second lens
position (in principle, we can put the second lens on the x-axis
without any loss of generality and then z2 = z¯2), w is where the
light ray lands on the second lens plane, zs is the source position,
m1 and m2 are scaled lens masses with
m1 ≡ M1
M1 + αM2
, m2 ≡ 1−m1, (2)
and
α ≡ D1D2s
D1sD2
, β ≡ D12Ds
D1sD2
. (3)
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The lengths are normalised to the Einstein radius
rE =
√
4GD1sD1
c2
(M1 + αM2), (4)
and all the distances have their usual definitions, e.g., D1s is the
distance from the first lens to the source, D1 is the distance to the
first lens, and Ds is the distance to the source.
Notice that the parameter β specifies how three-dimensional
the system is. If the two lenses are in the same plane, then β =
0(α = 1), and the Einstein radius is simply that corresponding to
the total mass M1 +M2. On the other hand, if D2 → Ds, α→ 0,
β → 1 and the Einstein radius defined in eq. (4) is determined by
M1 only. In general, 0 ≤ β ≤ 1.
In this paper we shall adopt Euclidean geometry which is ap-
plicable to microlensing in the Galaxy. In this case,
β =
(d2 − d1)
(1− d1)d2 , α = 1− β, (5)
where we define
d1 ≡ D1
Ds
, d2 ≡ D2
Ds
. (6)
All our results can be trivially generalised to cosmological mi-
crolensing by adopting angular diameter distances, although α =
1− β is no longer true.
2.1 Image positions
Eliminating w¯ from eq. (1) by means of inserting the complex con-
jugate of the first to the second results in
zs = z − m1
z¯
− m2z
(z¯ − z¯2)z − βm1 . (7)
The image positions are thus found to be zeros of the polynomial,
f(z, z¯) = (zz¯ − zsz¯ −m1)(zz¯ − z¯2z − βm1)−m2zz¯. (8)
Considered as independent variables, (z, z¯) is then the simultane-
ous solution of two equations f(z, z¯) = f(z, z¯) = 0. For the poly-
nomial in eq. (8), the Bernstein theorem (Bernshtein 1975, see also
Sturmfels 2002) indicates that there in general exist six non-zero
complex solutions provided that none of zs, z2, β,m1,m2 is zero
(there are five solutions if β = 0 whilst the number of non-zero
solutions is four if either zs = 0 or z2 = 0). This is also veri-
fied more prosaically by further eliminating z¯ from eq. (7) using its
complex conjugate. In principle we can achieve this by computing
the resultant of f(z, z¯) and f(z, z¯) considered as the polynomials
of z¯, which is easily done using any modern symbolic computer
algebra software, e.g., MAPLE
TM
or MATHEMATICA R©. We then
obtain the sextic polynomial of z, whose coefficients are given in
Appendix A. Therefore the number of images for the lens system
here is bounded above by six, which is in fact achieved when a
source is inside caustics.
The lens system under consideration is localised, and so the
images for zs → ∞ are obtained either for divergent bending an-
gles, which formally occur when the light ray falls exactly on the
lens, or for z → ∞. Counting two solutions of w = z2 as well as
z = 0 and z = ∞, we then find that there must be four images
as zs → ∞, which is the number of images for a source outside
caustics. We also find that the images corresponding to z → ∞
and z → 0 respectively have the positive and the negative parity,
whereas the parities of the two images for w = z2 are opposite to
each other. Since the index theorem for image parities still holds,
a pair of images having opposite parities form or merge when the
source crosses caustics. Hence, we have always an equal number of
positive and negative parity images (see Erdl & Schneider 1993).
2.2 Magnifications
Using external products, it is trivial to generalise the expression in
Witt (1990) to the three-dimensional case to obtain (see Rhie 1997)
det J = ∂zs∂¯z¯s − ∂z¯s∂¯zs; (9)
∂zs = 1 +
βm1m2
h2
, ∂¯zs =
m1
z¯2
+
m2z
2
h2
. (10)
where h ≡ z(z¯ − z¯2) − βm1 whilst ∂zs ≡ ∂zs/∂z and ∂¯zs ≡
∂zs/∂z¯ etc. (also note ∂zs = ∂¯z¯s and ∂z¯s = ∂¯zs). The magnifica-
tion of the image at z is then given by µ = (det J)−1.
The critical curves are defined as the locus of det J = 0, that
is, ∂zs∂¯z¯s = ∂z¯s∂¯zs, which is also equivalent to |∂zs| = |∂z¯s| and
|∂zs/∂z¯s| = 1. We may then write a parametric representation of
the critical curves
e2iϕ∂zs = ∂¯zs, e
−2iϕ∂¯z¯s = ∂z¯s. (11)
We note the linearised lens mapping near the point on critical
curves follows as
δzs(δz) = ∂zs δz + ∂¯zs δz¯ =
(
1 + e2iϕ
δz¯
δz
)
∂zs δz, (12)
and thus we find that δzs(ieiϕ) = 0 – that is, ieiϕ = ei(ϕ+pi/2)
corresponds to the critical direction on the image plane. Note also
that δzs(eiϕ) = 2eiϕ∂zs, but here ∂zs is not necessarily real. Hence
the projection direction, eiϕ mapped onto the source plane becomes
rotated by ξ = arg(∂zs) whilst ei(ϕ+ξ) is the tangential direction to
the caustics. In fact, we may alternatively parameterise the critical
curves through the tangential direction angle, χ = ϕ + ξ, using
∂zs/∂z¯s = (∂zs)/(e
−2iϕ∂zs) = e2iχ.
Two independent equations of z and z¯ in eq. (11) may be trans-
formed again into a polynomial of p[z(e2iϕ)], which can be solved
in principle for each ϕ ∈ [0,pi[. However, unlike the single-plane
case, each equation in eq. (11) involves both z and z¯. Once z¯ is
eliminated, the polynomial p(z) for a generic case is of 20th degree,
zeroes of which includes many spurious solutions which need to be
checked with the original equation of eq. (11). In fact, the equation
for the critical curves can be solved more straightforwardly in polar
coordinates (see also Erdl & Schneider 1993) by setting z = |z|eiθ
in |∂zs|2 = |∂z¯s|2, which reduces to a quadratic equation on cos θ
at a fixed |z|.
2.3 Magnification sum invariants
For binary lensing in a single plane, Witt & Mao (1995) and Rhie
(1997) showed that when a source is inside a caustic (five-image
configurations), the sum of signed magnifications σ =
∑
i µi is
always unity. Based on the method developed by Hunter & Evans
(2001, see also Dalal & Rabin 2001; Evans & Hunter 2002), An
& Evans (2006) extended this to show that, if the lens equation
is given by zs = z − s(z) with an analytic function s(z), then
the sum of signed magnifications σ is related to the coefficient
of the Laurent series expansion of [g(z)]−1 as z → ∞ such that
[g(z)]−1 ' σz−1 +O(z−2). Here g(z) = z − zs − s¯[z¯s + s(z)]
and s¯(w) = s(w¯). For the case that |limz→∞ s(z)| <∞, this then
implies g(z) ∼ z for a generic source position zs, and it follows
that σ = 1.
As the deflection term of eq. (7) contains z as well as z¯, their
c© 2013 RAS, MNRAS 000, 1–9
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result is not applicable here. However, Werner (2007) has shown
that if the lens equation is given by zs = z − s(z, z¯) where s(z, z¯)
is a bivariate rational function of (z, z¯) such that the degree of the
polynomial in the denominator is greater than that in the numerator
(i.e. s→ 0 as z →∞), then the holomorphic Lefschetz fixed-point
formula (see Griffiths & Harris 1978) from algebraic geometry and
topology applies, and subsequently implies that σ = 1. It is easy
to find that eq. (7) indeed meets the condition, and thus the result
of Werner (2007) applies here. That is to say, the sum of signed
magnifications for six-image configurations should be exactly unity
6∑
i=1
µi = 1, (13)
which we have also verified numerically.
3 EXAMPLE LIGHT CURVES
For illustration, we study a scenario where the two lenses have
M1 = 0.7 and M2 = 0.3 (the values of m1 and m2 will vary
as β changes). We set the source distance at 1, and put the first
lens is at distance d1 = 0.7. The distance to the second lens (d2)
is varied to see the differences in the light curves. Both lenses are
assumed to be static, with the first lens at the origin and the second
lens at z2 = (0.8, 0.0). The source trajectory is horizontal, with the
vertical coordinate being 0.03.
In Figs. 1 to 3 we show the magnification patterns and light
curves for d2 = 0.7, 0.8, and 0.9, respectively. At d2 = d1 = 0.7,
we recover the single plane lensing, and there is only one joint caus-
tic on the left. As d2 increases, the three-dimensionness of lensing
increases, and an additional caustic on the right appears. But this
is a weak/faint caustic, as a source crosses it, the magnification be-
tween the crossing can be very small. For d2 = 0.8, it is 1.15, much
smaller than the minimum magnification of 3 for binary lensing in
a single plane (Witt & Mao 1995). This is because the faint caus-
tic (on the right) has been strongly deflected by the first lens M1,
and thus the magnification is lower. This behaviour is known in Lee
et al. (1997), although we recovered this without knowing their re-
sults.
As d2 further increases to 0.9, the additional, right-most caus-
tic moves towards the main caustic on the left, and the magnifica-
tion between the ‘U’-shaped caustics becomes higher, of the order
of 2.3, still lower than the minimum value of 3 as in the single-plane
binary lensing.
In Appendix B, we quantitatively study the trend of the mag-
nification with β for a source on the x-axis. We show how the be-
haviour seen in the figures can be understood.
4 SUMMARY AND DISCUSSION
In Galactic microlensing, the probability by microlensing of one
star is of the order of τ ∼ 10−6, and so the probability of mi-
crolensing by two independent stars along the line of sight is
τ2 ≈ τ2 ∼ 10−12. Each year, we monitor about N? ∼ 2 × 108
stars, and so the event rate for 3D microlensing is N? × τ2/tE,
where tE ≈ 0.1 yr is the typical microlensing event, so this gives
about 2×10−3 events yr−1, which is quite low. Notice that in prin-
ciple the farther lens is also lensed by the closer one and its light
curve will be superimposed on that of the background source. How-
ever, in practice, this effect may be small because the lenses are
expected to be quite faint.
In a single plane Galactic microlensing, the motion of the cen-
tre of the mass of the binary can be absorbed into the motion of the
source, although the binary rotation (of the order of ∼ 10 km s−1)
can still be observed (Albrow et al. 2000; An et al. 2002; Jaroszyn-
ski et al. 2005; Hwang et al. 2010; Ryu et al. 2010; for predictions
see, Penny, Kerins, & Mao 2011; Penny, Mao, & Kerins 2011).
For three-dimensional lensing, the two lenses will move indepen-
dently with velocities of 100 km s−1, and so the distance between
the lenses, and as a result critical curves and caustics, will change
as a function of time more rapidly, which may further diversify the
light curves. Fig. 4 shows an example of a light curve due to a mov-
ing lens. The rate of change in the light curve will depend on the
relative motions. In particular, motions parallel to the two lenses
may have a bigger impact on the caustics than perpendicular mo-
tions. This can be understood analytically in terms of the motions
of caustics (see Appendix B).
So far, we have focused on “resonant” microlensing in two
planes, it should be mentioned that if the lenses are widely sepa-
rated then they act as unrelated lenses, and the probability of ob-
serving such cases will be comparable to or even larger than the
“resonant” microlensing, depending on the separation distributed
of close/wide binaries. Indeed, repeated microlensing events due to
binary lenses in a single plane have been predicted and observed
(Di Stefano & Mao 1996; Di Stefano & Scalzo 1999; Skowron et
al. 2009). In this case, the two microlensing peaks will have dif-
ferent timescales but the same colour. They can be differentiated
from single-plane binary source events which will have almost the
same timescale (modified by the rotation of the binary) and (pos-
sibly) different colours (Griest & Hu 1992). The wide-binary lens
event in a single plane may be difficult to tell apart from wide three-
dimensional microlensing events; the latter, as we argued above,
may have much more different timescales than wide single-plane
lensing events.
A more likely case for 3D microlensing is cosmological mi-
crolensing by stars located in two lens galaxies at different red-
shifts. We know multiple images can be produced by galaxies at
different redshifts, as already seen in the CLASS lens B2114+022
(Chae et al. 2001). In this case, the optical depth for microlens-
ing in each plane is of the order of 0.1–1, and so the two-plane
microlensing has a high chance of occurrence. It will be very in-
teresting to explore how the magnification maps are qualitatively
different from that in a single microlensing case. Our preliminary
study shows that indeed faint caustic crossing events found in this
paper also occur, as also found by Lee et al. (1997). It will be inter-
esting to examine this further for specific cases since LSST1 will
discover approximately 104 new gravitational lenses while simulta-
neously obtaining their light curves. Some of these (≈ 10 per cent)
will be three-dimensional lenses. Notice also that the second lens-
ing galaxy in this case should in principle be “microlensed” by the
first galaxy, although in practice, due to the extended size nature of
the galaxy, the effect may be small unless there are bright compact
sources such as a new supernovae or an active galactic nucleus at
the centre of the second galaxy.
1 www.lsst.org
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Figure 1. Left: Example caustics, source trajectory and magnification patterns for d2 = 0.7. The two lenses have masses M1 = 0.7 and M2 = 0.3 with the
first lens at the origin and the second at (0.8, 0.0). Right: Light curve for the horizontal source trajectory with ys = 0.03 shown in the left.
Figure 2. Left: Example caustics, source trajectory and magnification patterns for d2 = 0.8. Right: Light curve for the horizontal source trajectory shown
in the left. The inset shows the zoomed in view of the second caustic crossing with magnification on linear scale. Notice that the magnification between the
‘U’-shaped caustic crossing is small, ∼ 1.15.
c© 2013 RAS, MNRAS 000, 1–9
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Figure 3. Left: Example caustics, source trajectory and magnification patterns. Right: Light curve for the horizontal source trajectory shown in the left for
d2 = 0.9. The inset shows the zoomed in view of the second caustic crossing with magnification on linear scale. Notice that the magnification between the
‘U’-shaped caustic crossing is small, ∼ 2.3, still smaller than the minimum magnification between caustic crossings for binary lenses in a single plane.
Figure 4. Light curve for a horizontal source trajectory with ys = 0.03, identical to the ones shown in Figs. 1 to 3. The two lenses have masses M1 = 0.7
and M2 = 0.3; the first lens is at a distance of d1 = 0.7 and the second lens at d2 = 0.9 (the same as for Fig. 3). The first lens is fixed at the origin (in
projection) while the second lens is moving with dz2/dt = 0.54. As the source moves from−1.5 to 3.5, the second lens moves from (−0.55, 0) to (2.15, 0).
c© 2013 RAS, MNRAS 000, 1–9
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APPENDIX A: COMPLEX LENS EQUATION
The coefficients for the resultant complex sextic polynomial g(z; zs, z¯s) =
∑6
k=0 akz
k of the lens equation are given by
a6 = (1− β)(z¯s − z¯2)z¯2z¯s, (A1a)
a5 = m1(1− β)2z¯2z¯s −m2(βz¯s − z¯2)(z¯s − z¯2)−
[
(2− β)z2 + (1− 2β)zs
]
(z¯s − z¯2)z¯2z¯s, (A1b)
a4 =
[
2(1− β)z2zs + z22 − βz2s
]
(z¯s − z¯2)z¯2z¯s +m1(1− β)
[
z¯22zs − βz2z¯2s − 2(1− β)(z2 + zs)z¯2z¯s
]
−m2
[
2(zs + βz2)z¯2z¯s − (z2 + zs)(z¯22 + βz¯2s )
]
,
(A1c)
a3 = (βzs − z2)(z¯s − z¯2)z2z¯2zsz¯s −m21(1− β)2(z¯2zs + βz2z¯s) +m22(βz¯s − z¯2)(zs − z2)
+m1m2
[
(1 + β)(z2z¯2 + βzsz¯s)− 2(z¯2zs + β2z2z¯s)
]−m2[(z2z¯s + z¯2zs)(z2z¯2 + βz¯szs)− 2(1 + β)z2z¯2zsz¯s]
+m1
{[
(1− 2β)z2z¯s − (2− β)z¯2zs
]
(z2z¯2 + βzsz¯s) + β(z2z¯s + z¯2zs)
2 + 4(1− β)2z2z¯2zsz¯s
}
,
(A1d)
a2 = m1
[
2(1− β)z¯2z¯s − z¯22 + βz¯2s
]
(βzs − z2)z2zs −m21(1− β)
[
β(z¯2z
2
s − z22 z¯s)− 2(1− β)(z¯2 + βz¯s)z2zs
]
+m1m2
[
2(z¯2 + β
2z¯s)z2zs − (z¯2 + βz¯s)(z22 + βz2s )
]
,
(A1e)
a1 = m
3
1β(1− β)2z2zs −m21m2β(βzs − z2)(zs − z2) +m21
[
(1− 2β)z¯2 + β(2− β)z¯s
]
(βzs − z2)z2zs, (A1f)
a0 = m
3
1β(1− β)(βzs − z2)z2zs. (A1g)
The degree of the polynomial may be reduced if a0 = 0 or a6 = 0. The case β = 0, which corresponds to the single plane lensing,
results in a0 = 0 and thus z factors out of the polynomial leaving a quintic quotient. Since z = 0 is not a solution of the lens equation,
the maximum number of images of a single plane binary lensing is five. If β = 1 on the other hand, then both a0 = a6 = 0 and so the
polynomial becomes a quartic times z, leaving the maximum four images. Similar reductions of the polynomial to a quartic are also possible
for z2 = 0 (i.e. two lenses being aligned) or the special source positions corresponding to zs = 0, zs = z2 or zs = β−1z2. However they
can be understood as particular cases of zs = ζz2 with ζ ∈ R, which shall be discussed next.
In principle, without any loss of generality, the real axis can be chosen such that the complex position of second deflector z2 is positive
real (i.e. z2 = z¯2 > 0). The case that both the source and the second deflector are located on the real axis on the other hand represents the
physical scenario that the observer, two deflectors, and the source are all co-planar. A geometric argument concerning this case indicates that
there must be four images along the real axis as well. These are found with eqs. (7) or (8) by setting z = z¯ and z2 = z¯2, which results in a
quartic polynomial equation g4(z) = 0 where
g4(z) = z
4 − (z2 + zs)z3 +
[
z2zs − (β + 1)m1 −m2
]
z2 +m1(z2 + βzs)z + βm
2
1
= (z2 − zsz −m1 −m2)(z2 − z2z − βm1)−m2(z2z + βm1).
(A2)
Given real zs, z2 ∈ R and positive β,m1,m2 > 0, the equation g4(z) = 0 possesses four real solutions z ∈ R, which is shown as follows.
Let us suppose that z± are two zeroes of z2 − z2z − βm1 (i.e. corresponding to w = z2), namely,
z± =
z2 ±
√
z22 + 4βm1
2
= ±z2
2
[(
1 +
4βm1
z22
)1/2
± 1
]
, (A3a)
and thus z− < 0 < z+ for z2 > 0 (the following is still valid for z2 < 0 with z+ ↔ z−). Next g4(0) = βm21 > 0 whilst
g4(z±) = −m2(z2z± + βm1) = −
[(
1 +
2βm1
z22
)
±
(
1 +
4βm1
z22
)1/2]
m2z
2
2
2
< 0. (A3b)
Since g4(z) is a monic quartic, the intermediate value theorem together the fundamental theorem of algebra indicates that g4(z) = 0 has four
real solutions, – one each in the intervals, ]−∞, z−[, ]z−, 0[, ]0, z+[, and ]z+,∞[ – all of which corresponds to true image positions. The
remaining two off-axis solutions, if any, must still be the zero of the sextic g(z; zs, z¯s) with zs = z¯s and z2 = z¯2, which is in fact divisible
by g4(z), that is to say, g(z; zs, zs) = g4(z)g2(z) where
g2(z) = (1− β)(zs − z2)zsz2z2 +
[
m1(1− β)2zsz2 + (z2zs −m2)(βzs − z2)(zs − z2)
]
z +m1(1− β)(βzs − z2)zsz2. (A4)
Since zs, z2 ∈ R, the coefficients of g2(z) are all real, and its two zeroes are either both real or a pair of complex conjugates. Next, we find
f(za, zb) = 0 where za and zb are the pair of zeroes of g2(z) and f is the polynomial in eq. (8). In other words, the complex conjugate
roots of g2(z) = 0 are true off-axis images whereas its non-degenerate real zeroes are spurious solutions. Consequently, along the real axis,
the source lies inside, on, and outside caustics if the discriminant of g2(z) is negative, zero, and positive respectively. Some results for the
corresponding magnifications are explored in the next section.
If z2 = 0 (that is, two lenses are aligned),
g4(z) = z
4 − zsz3 −Mz2 + βm1zsz + βm21, g2(z) = −βm2z2s z (A5)
whereM = (1 + β)m1 + m2. Note g2(z) is now linear and its sole zero z = 0 is again not a image position. Provided that zs 6= 0, the
number of images for two perfectly aligned lenses is therefore four (Werner et al. 2008). All four images for an arbitrary source position zs
are found to be z = reiφ where φ = arg(zs) – i.e. zs = |zs|eiφ – and r being the root of r4 − |zs|r3 −Mr2 + βm1|zs|r + βm21 = 0.
Finally the solution for zs = 0 case, i.e. r4 −Mr2 + βm21 = 0 corresponds the radii of two Einstein rings (Werner et al. 2008).
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APPENDIX B: THE MAGNIFICATION OF A SOURCE ALONG THE REAL AXIS
Assuming z2 ∈ R, we can evaluate the magnification for the source along the real axis (zs ∈ R). As noted, the quartic equation g4(z) = 0
yields four images on the real axis; whereby i) two positive parity images and two negative parity images if the source is outside caustics or
ii) three negative parity and one positive parity images if the source is inside caustics. On the other hand, the quadratic equation g2(z) = 0 for
the source inside caustics yields a pair of positive-parity off-axis images of the equal magnification that are symmetric about the real axis. The
real axis passes caustics through its cusp points. As the source moves along the real axis and enters the caustic, one positive-parity on-axis
image crosses the critical curve and turns into a negative-parity one whilst two positive-parity off-axis images emerge from the same critical
point passed by the on-axis image. Upon the exit of the source from the caustic, the reverse process (viz. merging of two positive-parity
off-axis images and one negative-parity on-axis image into one positive-parity on-axis image on the critical point) takes place.
B1 A source inside caustics
The image of positive parity on the real axis is mostly very faint inside the bright caustic. However, the situation changes inside the faint
caustic. In this case the off-axis magnification becomes µ ∼ 0.1 and the on-axis magnification of the positive parity becomes µ > 1. Next,
we further restrict ourselves to the case M1 = M2 so that m1 = 1/(2− β) and m2 = (1− β)/(2− β). However, we note here that we can
partly expand our results to unequal masses M1 and M2 because α = 1 − β may be scaled like α′ = αM2/M1 as long as 0 < α,α′ < 1
holds. Applying the resultant method to the magnification for eliminating z and z¯, we express the magnification as a function of zs. For the
two positive-parity images resulting from g2(z) = 0, we find
µ1 = µ2 = (1− β)2(βzs − z2)2z22
[
P6(zs)
]−1 (B1)
where P6(zs) =
∑6
k=0 ckz
k
s is a sextic polynomial of zs whose coefficients are given by
c6 = −(2− β)2β2z22 (B2a)
c5 = 2(2− β)βz2
[
β(1− β)(1 + z22) + 2z22
]
(B2b)
c4 = −β2(1− β)2 − 2β(2− β)(1− β)(1 + 3β)z22 − (2− β)2(1 + 4β + β2)z42 (B2c)
c3 = 2z2
[
2β(1− β)2 + 2(4− β2)(1− β)z22 + (2− β)2(1 + β)z42
]
(B2d)
c2 = −z22
[
2(1− β)2(2 + β) + 2(2− β)(1− β)(1 + 3β)z22 + (2− β)2z42
]
(B2e)
c1 = 2(1− β)z32 [2(1− β) + (2− β)z22 ] (B2f)
c0 = −(1− β)2z42 (B2g)
Let µ3 be the magnification of the positive-parity on-axis image and µ4, µ5 and µ6 the magnification of the negative-parity ones which are
located on the real axis. Then using eq. (13) and µ1 = µ2, we obtain an expression for the total magnification
µtot =
6∑
i=1
|µi| =
3∑
i=1
µi −
6∑
i=4
µi = 2
3∑
i=1
µi − 1 = 4µ1 + 2µ3 − 1, (B3)
which is the key equation to understand the different behaviour of the two caustics. Whilst inside the bright caustic µ1 > 1 and therefore
µtot > 3, we have inside the faint caustic µ3 > 1 and therefore µtot > 1.
For the four on-axis images we can also derive a polynomial (of the 4th degree) for the magnification, which is too long to be presented
here. However, to obtain the total magnification we only need to estimate the magnification of the single positive-parity image, which turns
out always to be very faint inside the bright caustic. For small β we obtain
µ3 ≈ (1− β)
4β6
16z82 + 64βz
6
2(2− zsz2 + z22) + .....
 1 (B4)
Note that for β  1 and β ≈ 1 the numerator becomes extremely small. Since µ3 can be neglected we can derive the minimum magnification
from the equation above. µ1 has a minimum when 2βP6(zs) = (βzs− z2)P ′6(zs) holds. For the faint caustic µ3 takes the dominant part and
the images of negative parity becomes rather faint ( 2µ1 < |∑6i=4 µi|  1). For the minimum magnification inside the faint caustic we can
write dµtot/dzs = 4(dµ1/dzs) + 2(dµ3/dzs) = 0 by using eq. (B3). Since µtot ≈ 2µ3 − 1 for this case each derivative must vanish at the
approximate same location zs. Therefore we can apply 2βP6(zs) = (βzs − z2)P ′6(zs) for the location of the minimum magnification inside
the faint caustic as well.
Finally we note that the caustic, i.e. cusps intersects with the real axis when P6(zs) = 0. In this case we obtain infinite magnification
for a point source. The real solutions give the range where 6 images can occur. The two caustic may merge if P6 has a double solution or if
P6(zs) = 0 and P ′6(zs) = 0 holds. Using these two equations we obtain the condition when the two caustics may touch and merge.
(2− β)6z122 + 2(2− β)5(−3 + 7β)z102 + (2− β)4(−15− 3β + 70β2 − 63β3 + 27β4)z82
− (2− β)3(1− β)(8 + 65β + 207β2 − 513β3 + 297β4)z62 − (2− β)2(1− β)2β(40 + 595β − 758β2 + 27β3)z42
+ 8(2 − β)(1 − β)3β2(−39 + 31β)z22 + 16(1 − β)4β3 = 0 (B5)
The change in the number of caustics and cusps for the simple binary lens with shear was first studied by Witt & Petters (1993).
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B2 The velocity of the faint caustic
It is necessary to estimate the motion of the faint caustic since the two point masses are usually not gravitationally bound to each other for
β > 0. Therefore we have to consider some projection effects due to the motion of the second point mass z2(t). Assume that the second
mass has a relative motion v2 = dz2/dt. To compute the velocity along the entire caustic one may follow Kundic et al. (1993). This method
allows for general deflectors to compute the dependence of the velocity of each caustic point on the motion of the stars, i.e. point masses. For
a full analytical treatment this method turns out to be rather complicated, however for a rough estimate we may inspect the polynomial P6
above. The solutions of P6(zs) = 0 yield the positions of the cusps along the real axis. Using now eqs. (B2a) and (B2b) we can write
6∑
i=1
zcusp,i = −c5
c6
=
2z2[2 + β(1− β)(z−22 + 1)]
(2− β)β = 2
(
1 + β
β
z2 +
1− β
2− β
1
z2
)
(B6)
where zcusp,i denotes 4 real solutions of the position of the cusps on the real axis and two complex spurious solutions. We assume here that
we have at least two separate caustics. i.e. 4 cusps on the real axis (cf. Fig. 2). Assuming now the second point mass moves along the real
axis we may write
6∑
i=1
dzcusp,i
dt
= 2
(
1 + β
β
− 1− β
2− β
1
z22
)
v2, (B7)
For small β the first term dominates which gives us the approximate velocity of the faint caustic. Since we have two cusp position we find
vcaustic ≈ v2/β and zcusp ≈ z2/β to the first order. The other solutions remain small ∼ 1. This is verified numerically and by inspecting
c0/c6 which yields the product of all six solutions. This means for small β the faint caustic may move rather rapidly across the source plane
so that the chance to observe a complete caustic crossing is much smaller than that for moderate β. Motions along the y-axis must be of the
order of dz2/dt due to the rotation invariance of the caustics around the origin for z2 = r2eiϕ2 .
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